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CLASS NUMBERS OF CM ALGEBRAIC TORI, CM ABELIAN VARIETIES
AND COMPONENTS OF UNITARY SHIMURA VARIETIES
JIA-WEI GUO, NAI-HENG SHEU, AND CHIA-FU YU
Abstract. We give a formula for the class number of an arbitrary CM algebraic torus over Q.
This is proved based on results of Ono and Shyr. As applications, we give formulas for numbers
of polarized CM abelian varieties, of connected components of unitary Shimura varieties and
of certain polarized abelian varieties over finite fields. We also give a second proof of our main
result.
1. Introduction
An algebraic torus T over a number field k is a connected linear algebraic group over k such
that T ⊗k k¯ isomorphic to (Gm)d ⊗k k¯ over the algebraic closure k¯ of k for some integer d ≥ 1.
The class number of T is, by definition, the cardinality of T (k)\T (Ak,f)/UT , where Ak,f is the
finite adele ring of k and UT is the maximal open compact subgroup of T (Ak,f ). As a natural
generalization for the class number of a number field, Takashi Ono [17, 18] studied the class
numbers of algebraic tori. Let K/k be a finite extension and let RK/k denote the Weil restriction
of scalars form K to k, then we have the following exact sequence of tori defined over k
1 −→ R(1)K/k(Gm,K) −→ RK/k(Gm,K) −→ Gm,k −→ 1,
where R
(1)
K/k(Gm,K) is the kernel of the norm map N : RK/k(Gm,K) −→ Gm,k. It is easy to
see that h(RK/k(Gm,K)) and h(Gm,k) coincide with the class numbers hK and hk of K and k,
respectively. In order to compute the class number h(R
(1)
K/k(Gm,K)), Ono [19] introduced the
arithmetic invariant
E(K/k) :=
hK
hk · h(R(1)K/k(Gm,K))
and expressed it in terms of certain cohomologoical invariants when K/k is Galois. In [9],
S. Katayama proved a formula for E(K/k) for any finite extension K/k. He also studied its
dual arithmetic invariant E′(K/k) and gave a similar formula. The latter gives a formula for the
class number of the quotient torus RK/k(Gm,K)/Gm,k. The class numbers of general tori have
been investigated by J.-M. Shyr [20, Theorem 1], M. Morishita [15], C. González-Avilés [6, 7]
and M.-H. Tran [21].
Besides the class number h(T ), another important arithmetic invariant is the Tamagawa num-
ber τ(T ). Roughly speaking, the Tamagama number is essentially the volume of a fundamental
domain. More precisely, for any connected semi-simple algebraic group G over k, one associates
the group G(Ak) of adelic points on G, where Ak is the adele ring of k. As G(Ak) is a unimodular
locally compact group, it admits a unique Haar measure up to a scalar. T. Tamagawa defined a
canonical Haar measure on G(Ak) now called the Tamagawa measure. The Tamagawa number
τ(G) is then defined as the volume of the fundamental domain G(k)\G(Ak) for the Tamagawa
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measure. Similar to the case of class numbers, the calculation of the Tamagawa number is usually
difficult. A celebrated conjecture of Weil states that any semi-simple simply connected algebraic
group has Tamagawa number 1. The Weil conjecture has been proved in many cases by many
people (Weil, T. Ono, Langlands, K.-F. Lai and others) and it is finally proved by Kottwitz [10].
For a more general linear algebraic group G, the fundamental domain G(k)\G(Ak) may not
have finite volume. This occurs when G has non-trivial characters defined over k. For this reason,
the necessity of introducing convergence factors leads to the emergence of Artin L-functions. We
shall recall the definition of the Tamagawa number τ(T ) for any algebraic torus T . Then the
famous analytic class number formula can be reformulated by the statement τ(Gm,k) = 1.
In this paper we investigate the class numbers of CM tori. Let K =
∏r
i=1Ki be a CM algebra,
where each Ki is a CM field. The subalgebra K
+ of elements in K fixed by the canonical
involution is the product K+ =
∏r
i=1K
+
i of the maximal totally real subfield K
+
i of Ki. Denote
by V fK+ the union of the sets of finite places of K
+
i for 1 ≤ i ≤ r, Ni the norm map from Ki to
K+i , and NK/K+ =
∏r
i=1Ni : K → K+ the norm map. Also, we let
hK = h(K) :=
r∏
i=1
h(Ki), hK+ = h(K
+) :=
r∏
i=1
h(K+i ), and Q = QK :=
r∏
i=1
Qi,
where Qi = QKi := [O
×
Ki
: µKiO
×
K+i
] is the Hasse unit index of the CM extension Ki/K
+
i . It
is known that Qi ∈ {1, 2}. Finally, we let t =
∑r
i=1 ti where ti is the number of primes in K
+
i
ramified in Ki.
Now, we put TK =
∏r
i=1 T
Ki with TKi = RKi/Q(Gm,Ki). Then we have the following exact
sequence of algebraic tori defined over Q
(1.1) 0 TK1 T
K TK
+
0,
NK/K+
where TK1 := ker(NK/K+), which is the product of norm one subtori T
Ki
1 . We regard Gm as a
Q-subtorus of TK
+
via the diagonal embedding. Let TK,Q denote the preimage of Gm in TK
under the map NK/K+ . We have the second exact sequence of algebraic tori over Q as follows.
Here, for brevity, we write N for NK/K+ .
(1.2)
0 TK1 T
K TK
+
0
0 TK1 T
K,Q Gm 0.
ι N
ι N
The purpose of this paper is concerned with the class number and the Tamagawa number of
TK,Q. Let T (Zp) denote the unique maximal open compact subgroup of T (Qp).
Theorem 1.1. Let TK,Q denote the preimage of Gm in TK under the map NK/K+ as in (1.2).
(1) We have
τ(TK,Q) =
2r
[Gm(A) : N(TK,Q(A)) ·Gm(Q)] ,
where r is the number of components of K.
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(2) We have
h(TK,Q) =
∏
p∈SK/K+
eT,p
[Gm(A) : N(TK,Q(A)) ·Gm(Q)] · h(T
K
1 )
=
∏
p∈SK/K+
eT,p
[A× : N(TK,Q(A)) ·Q×] ·
h(K)
h(K+)
· 1
2t−rQ
,
where eT,p := [Z×p : N(T
K,Q(Zp))] and SK/K+ is the set of primes p such that there exists
a place v|p of K+ ramified in K.
To make the formulas in Theorem 1.1 more explicit, one needs to calculate the indices eT,p and
[A× : N(TK,Q(A)) ·Q×]. We determine the index eT,p for all primes p; the description in the case
where p = 2 requires local norm residue symbols. For the global index [A× : N(TK,Q(A)) · Q×]
we could only compute some special cases including the biqaudratic fields and therefore obtain
a clean formula for these CM fields. For example if K = Q(
√
p,
√−1) with prime p, then
(1.3) h(TK,Q) =

2 if p = 2;
h(−p) if p ≡ 3 (mod 4);
h(−p)/2 if p ≡ 1 (mod 4),
where h(−p) := h(Q(√−p)). The global index [A× : N(TK,Q(A)) · Q×] may serve another
invariant which measures the complexity of CM fields and it requires further investigation. Nev-
ertheless, the indices eT,p and [A× : N(TK,Q(A)) · Q×] are all powers of 2 (in fact eT,p ∈ {1, 2}
if p 6= 2). Then from Theorem 1.1 we conclude that h(TK,Q) is equal to hK/hK+ only up to
2-power.
It is well-known that the double coset space TK,Q(Q)\TK,Q(Af )/TK,Q(Ẑ) parameterizes CM
abelian varieties with additional structures and conditions. Thus, Theorem 1.1 counts such CM
abelian varieties and yields a upper bound for CM points of Siegel modular varieties. Ullmo and
Yafaev [22] give a lower bound for Galois orbits of CM points in a Shimura variety. This plays an
important role towards the proof of the André-Oort conjecture under the Generalized Riemann
Hypothesis. Under the same assumption Daw [3] proves a upper bound of n-torsion of the class
group of a CM torus, motivated from a conjecture of S.-W. Zhang [29].
On the other hand, one can also express the number of connected components of a complex
unitary Shimura variety ShU (G,X)C as a class number of T
K,Q or TK1 . Thus, our result also gives
an explicit formula for |π0(ShU (G,X)C)|. This information is especially useful when the Shimura
variety ShU (G,X) (over the reflex field) has good reduction modulo p. Indeed, by the existence
of a smooth toroidal compactification due to K.-W. Lan [12], the geometric special fiber Sh/Fp
of ShU (G,X) has the same number of connected components of ShU (G,X)C. In some special
cases, one may be able to show that an stratum (eg. Newton, EO or leaves) in the special fiber is
"as irreducible as possible", namely, the intersection with each connected component of Sh/Fp
is irreducible. In that case the stratum then has the same number of irreducible components as
those of ShU (G,X)C.
In [1] Achter studies the geometry of the reduction modulo a prime p of the unitary Shimura
variety associated to GU(1, n− 1), extending the work of Bültel and Wedhorn [2] (in fact Achter
considers one variant of moduli spaces). Though the main result asserts the irreducibility of
each non-supersingular Newton stratum in the special fiber Sh/Fp, the proof actually shows
the "relative irreducibility". That is, every non-superinsuglular Newton stratum W in each con-
nected component of Sh/Fp is irreducible (and non-empty). Thus,W has |π0(Sh/Fp)| irreducible
components and we give an explicit formula for the number of its irreducible components.
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There is also a connection of class numbers of CM tori with the polarized abelian varieties
over finite fields. Indeed, the set of polarized abelian varieties within a fixed isogeny class can be
decomposed into certain orbits which are the analogue of genera of the lattices in a Hermitian
space. When the common endomorphism algebra of these abelian varieties is commutative, each
orbit is isomorphic to the double coset space associated to either TK,Q or TK1 (see Section 6).
Marseglia [14] gives an algorithm to compute isomorphism classes of square-free polarized ordi-
nary abelian varieties defined over a finite field. Achter, Altug and Gordon also study principally
polarized ordinary abelian varieties within an isogeny class over a finite field from a different ap-
proach. They utilize the Langlands-Kottwitz counting method and express the number of abelian
varieties in terms of discriminants and a product of certain local density factors, reminiscent of
the Smith-Minkowski Siegel formula (cf. [5, Section 10]).
This paper is organized as follows. Section 2 recalls the definition of the Tamagawa number
of an algebraic torus. The proof of Theorem 1.1 is given in Section 3. In Section 4 we compute
the local and global indices appearing in Theorem 1.1 and give an improvement and a second
proof. We calculate the class number of the CM torus associated to any biquadratic CM field
in Section 5. In the last section we discuss applications of Theorem 1.1 to polarized CM abelian
varieties, connected components of unitary Shimura varieties and polarized abelian varieties with
commutative endomoprphism algebras over finite fields.
2. Tamagawa numbers of algebraic tori
Following [17], we recall the definition of Tamagawa number of an algebraic torus T over a
number field k. Let ω be an invariant differential form of T of highest degree defined over k.
Fix the natural Haar measure dxv on kv for each v such that it has measure 1 on the ring of
integers ov in the non-archimedean case, measure 1 on R/Z in the real place case, and measure 2
on C/Z[i] in the complex place case. With these choices, ω induces a Haar measure ωv on T (kv)
for each place v and this leads to the restricted product measure
(2.1) ωA =
∏
v
′
ωv
on the group T (Ak) if it converges in a suitable sense. Note that since the differential form ω is
unique up to a constant in k×, by the product formula, the Haar measure ωA does not depend
on the choice of ω, which is called the canonical measure.
However, the measure (2.1) does not converge if T admits a non-trivial rational character.
Thus, we must modify the local measures by suitable convergence factors λv for each v so that
the product
∏
v
′
(λv · ωv) is absolutely convergent on T (Ak). Such a collection λ = {λv} is called
a set of convergence factors for ω; the resulting measure is denoted by ωA,λ.
Suppose T splits over a Galois extensionK/k with Galois group g. The group T̂ := HomK(T,Gm)
of characters is a finite free Z-module with a continuous action of g. Let χT : g → C be the
character associated to the representation T̂ ⊗Q of g.
Suppose χi, i ≤ i ≤ h, are all the irreducible characters of g and denote χ1 as the trivial
character. Express χT =
∑h
i=1 aiχi as the sum of irreducible characters χi with non-negative
integral coefficients. The Artin L-function of χT with respect to the field extension K/k is equal
to
L(s, χT ,K/k) = ζk(s)
a1
h∏
i=2
L(s, χi,K/k)
ai .
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We define the number ρ(T ) to be the non-zero number lims→1(s− 1)a1L(s, χT ,K/k), i.e.,
ρ(T ) = (Ress=1 ζk(s))
a1
h∏
i=2
L(1, χi,K/k)
ai.
On the other hand, note that there exists a finite set S of places of k such that T ⊗ kv
admits a smooth model over ov for each finite place v outside S. For such v, the reduction map
T (ov) → T (k(v)) is surjective, where k(v) ≃ Fqv is the residue field of ov. Let T (1)(ov) be the
kernel of the reduction map. By [24, Theprem 2.2.5] and [17, (3.3.2)], we have∫
T (ov)
ωv = |T (k(v))| ×
∫
T (1)(ov)
ωv
=
|T (k(v))|
qdv
= Lv(1, χT ,K/k)
−1,
where Lv(s, χT ,K/k) is the local factor of the Artin L-function at v. We now choose the set of
convergent factors {λv} such that λv is equal to 1 if v is archimidean and is equal to Lv(1, χT ,K/
k) otherwise, and hence define a measure ωA,λ on T (Ak).
Let ξi, i = 1, . . . , a1, be a basis of T̂
g. Define
ξ : T (Ak)→ Ra1+ , x 7→ (|ξ1(x)|, . . . , |ξa1(x)|),
where R+ := {x > 0 ∈ R}. Let T (Ak)1 denote the kernel of ξ; one has an isomorphism
T (Ak)/T (Ak)1 ≃ Ra1+ ⊂ (R×)a1 . Let d×t :=
∏a1
i=1 dti/ti be the canonical measure on R
a1
+ .
Let ω1A,λ be the unique Haar measure on T (Ak)
1 such that ωA,λ = ω
1
A,λ · d×t, that is, for any
measurable function F on G(Ak) one has∫
T (Ak)/T (Ak)1
∫
T (Ak)1
F (xt)ω1A,λ · d×t =
∫
T (Ak)
F (x)ωA,λ.
The Tamagawa number of T is then defined by
(2.2) τ(T ) :=
|dk|− dimT2 ·
∫
T (Ak)1/T (k)
ω1A,λ
ρ(T )
,
where dk is the discriminant of the field k.
3. Proof of Theorem 1.1
3.1. q-symbols and relative class numbers. Suppose α : G → G′ is a homomorphism of
abelian groups such that kerα and coker α are finite. Following Tate, the q-symbol of α is
defined by
q(α) := | coker α|/| kerα|.
It is easy to see whenever both G and G′ are finite, one has q(α) = |G′|/|G|. Let Γ = ΓQ =
Gal(Q/Q) denote the Galois group over Q. For any isogeny λ : T → T ′ of algebraic tori defined
over Q, we have the following induced maps:
λˆ : T̂ ′ → T̂ , λˆΓ : (T̂ ′)Γ → (T̂ )Γ,
λcp = λZp : T (Zp)→ T ′(Zp),
λ∞ : T (R)→ T ′(R),
λZ : T (Z)→ T ′(Z).
Thus, we have the corresponding q-symbols. Note that T (Z) = T (Q) ∩ [T (R)×∏p<∞ T (Zp)].
Shyr [20] showed that these q-symbols play a role in the connection between the ratios of
Tamagawa numbers and class numbers of T and T ′ as follows.
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Theorem 3.1. Let λ : T → T ′ be an isogeny of algebraic tori defined over Q. Then
h(T )
h(T ′)
=
τ(T )
τ(T ′)
· q(λ∞)
q(λZ)q(λˆΓ)
·
∏
p<∞
q(λcp).
Proof. See [20, Theorem 2].
For any exact sequence
(E) 0 T ′ T T ′′ 0ι N
of algebraic tori defined over Q, we associate a number to the exact sequence (E) by [18, Section
4]
τ(E) := τ(T ′′) · τ(T ′)/τ(T ).
Theorem 3.2. Let µ : T ′′(Q)/N(T (Q)) → T ′′(A)/N(T (A)) and ιˆΓ : T̂ Γ → T̂ ′Γ be the maps
derived from the exact sequence (E). Then the subgroups cokerµ and kerµ are finite, and we
have
τ(E) = q(ιˆΓ)q(µ) = | coker ιˆΓ| · [T
′′(A) : N(T (A)) · T ′′(Q)]
[N(T (A)) ∩ T ′′(Q) : N(T (Q))] .
Proof. See [18, Section 4.3 and Theorem 4.2.1].
Now we let
T = TK,Q, T ′ = TK1 , and T
′′ = Gm.
Since x2N(x)−1 is of norm 1, the map λ defined by
(3.1) λ : T → T ′ × T ′′, x 7→ (x2N(x)−1, N(x))
is an isogeny. Applying Theorem 3.1 to this λ and Theorem 3.2 to the exact sequence (1.2)
together, we have
h(T )
h(T ′ × T ′′) =τ(E)
−1 · q(λ∞)
q(λZ)q(λˆΓ)
∏
p
q(λcp)
=| coker ιˆΓ|−1 ·
(
[T ′′(A) : N(T (A)) · T ′′(Q)]
[N(T (A)) ∩ T ′′(Q) : N(T (Q))]
)−1
(3.2)
· q(λ∞)
q(λZ)q(λˆΓ)
·
∏
p<∞
q(λcp).
As h(Gm) = 1, we obtain
h(TK,Q)
h(TK1 )
=| coker ιˆΓ|−1 · [N(T
K,Q(A)) ∩Gm(Q) : N(TK,Q(Q))]
[Gm(A) : N(TK,Q(A)) ·Gm(Q)]
· q(λ∞)
q(λZ)q(λˆΓ)
·
∏
p<∞
q(λcp).
(3.3)
We shall determine each term in (3.3).
3.2. Calculation of cokernel.
Lemma 3.3. The cardinality of coker ιˆΓ is 1.
Proof. Taking the character groups of (1.2), we have
(3.4) 0 (Ĝm)Γ (T̂K,Q)Γ (T̂K1 )
Γ coker ιˆΓ 0.N̂
Γ ιˆΓ
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Thus, it suffices to show (T̂K1 )
Γ = 0. Again from (1.2), we have
(∗) 0 (T̂K+)Γ (T̂K)Γ (T̂K1 )Γ.N̂
Recall that TK =
∏r
i=1 T
Ki with TKi = RKi/QGm,Ki . Let ΓF := Gal(Q/F ). Also, note that
T̂Ki = Z[ΓQ/ΓKi ], T̂
K+i = Z[ΓQ/ΓK+i ],
(T̂Ki)Γ = Z[
∑
σ∈ΓQ/ΓKi
σ], (T̂Ki)Γ = Z[
∑
σ∈ΓQ/ΓK+
i
σ].
The norm map Ni sends x to xx¯, where x ∈ Ki and x¯ is the complex conjugate of x. Therefore,
N̂i(χi) = χi + χ¯i for χi ∈ T̂K+i . This shows (T̂K+i )Γ ∼−→ (T̂Ki)Γ. Note that the left exact
sequence (∗)⊗ZQ is also right exact. Thus, (T̂Ki1 )Γ ⊗ Q = 0 and (T̂Ki1 )Γ is a torsion Z-module.
It follows that (T̂Ki1 )
Γ = 0, because it is a submodule of a finite free Z-module (T̂Ki1 ). It follows
that | coker ιˆΓ| = 1.
3.3. Calculation of indices of rational points. For v ∈ VK , we put Kv = (Ki)v if v ∈ VKi .
For any prime p, let Sp be the set of places of K
+ lying over p. We have
(3.5) TK,Q(Qp) = {x = ((xv)v, xp) ∈
∏
v∈Sp
K×v ×Q×p | N(xv) = xp ∀ v},
and
(3.6) TK,Q(Zp) = {((xv)v, xp) ∈
∏
v∈Sp
O×Kv × Z×p | N(xv) = xp ∀ v}.
Note that xp is uniquely determined by (xv)v and we may also represent an element x in T
K,Q(Qp)
by (xv)v.
Lemma 3.4. We have N(TK,Q(Qp)) ∩ Z×p = N(TK,Q(Zp)) for every prime number p.
Proof. Clearly, N(TK,Q(Qp)) ∩ Z×p ⊃ N(TK,Q(Zp)). We must prove the other inclusion
N(TK,Q(Qp)) ∩Z×p ⊂ N(TK,Q(Zp)). Suppose x = (xv) ∈ TK,Q(Qp)∩N−1(Z×p ). We will find an
element x′ = (x′v) ∈ TK,Q(Zp) such that N(x) = N(x′).
Suppose v is inert or ramified in K and let w be the unique place of K over v. Then xv ∈
Kv = Kw and N(xv) ∈ Z×p . We have
ordwN(xv) = ordw(xv) + ordw x¯v = 2 ordw xv = 0
and hence xv ∈ O×Kw .
Suppose v = ww¯ splits in K. Then xv = (xw , xw¯) ∈ Kv = Kw×Kw¯ = K+v ×K+v and N(xv) =
xwxw¯ ∈ Z×p . We have ordv xw = − ordv xw¯ = av for some av ∈ Z. Put x′v := (̟−avv xw, ̟avv xw¯),
where ̟v is a uniformizer of K
+
v . Clearly, x
′
v ∈ O×Kv and N(xv) = N(x′v).
Now suppose y ∈ N(TK,Q(Qp)) ∩ Z×p and N(x) = y for some x ∈ TK,Q(Qp). Set x′ := (x′v)
with x′v = xv if v is inert or ramified in K, and x
′
v as above if v splits in K. Then y = N(x) =
N(x′) ∈ N(TK,Q(Zp)). This proves N(TK,Q(Qp)) ∩ Z×p ⊂ N(TK,Q(Zp)).
Lemma 3.5. We have [N(TK,Q(A)) ∩Gm(Q) : N(TK,Q(Q))] = 1 and
τ(E) = [Gm(A) : N(T
K,Q(A)) ·Gm(Q)].
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Proof. Since TK,Q(A) = {x ∈ A×K | N(x) ∈ A×}, we have N(TK,Q(A)) = N(A×K) ∩ A×.
Applying Theorem 6.1.1 in [18], we have N(A×K) ∩ (K+)× = N(K×). Hence
N(TK,Q(A)) ∩Q× = N(A×K) ∩Q× = N(K×) ∩Q× = N(TK,Q(Q)).
This proves the first statement. The second statement then follows from Lemma 3.3 and Theo-
rem 3.2.
3.4. Calculation of q-symbols. We are going to evaluate each q-symbol in (3.3). Recall the
isogeny in (3.1), namely
(3.7) λ : TK,Q → TK1 ×Gm, x 7→ (x2N(x)−1, N(x)).
Note that kerλ = {x ∈ TK,Q | N(x) = 1, x2 = 1} = {x ∈ TK1 | x2 = 1}. Hence, we have
kerλ = ker SqTK1 , where SqTK1 : T
K
1 → TK1 , x 7→ x2 is the squared map.
Lemma 3.6. Suppose d = [K+ : Q]. The q-symbol of λ∞ is equal to 2−d+1.
Proof. Since K =
∏r
i=1Ki is a CM algebra, we have T
K(R) = (K⊗QR)× = (Cd)×. According
to (3.7), we have
TK,Q(R) = {(xi) ∈ (C×)d| N(xi) = N(xj) ∈ R, ∀i, j},
TK1 (R) = {(xi) ∈ (C×)d| xix¯i = 1 for all i} = (S1)d,
kerλ∞ = ker SqTK1 (R) = {±1}
d,
and hence the exact sequence
0 {±1}d TK,Q(R) (S1)d × R×.λ∞
Since N(C×) = R×+ is connected, the image of λ∞ is (S
1)d×R×+ and | cokerλ∞| = |R×/R×+| = 2.
Therefore, q(λ∞) = 2/|{±1}d| = 2−d+1.
Lemma 3.7. The q-symbol of λZ is equal to 2.
Proof. It is clear that N(x) = 1 for x ∈ TK,Q(Z). Note that any element x ∈ O×K with xx¯ = 1
is a root of unity. Then
TK,Q(Z) = TK1 (Z) =
r∏
i=1
µKi =: µK ,
where µKi is the group of roots of unity in Ki. Since T
K,Q(Z) and (TK1 ×Gm)(Z) are finite, the
q-symbol of λZ is equal to |µK × {±1}|/|µK| = 2.
Lemma 3.8. The q-symbol of λˆΓ is equal to 1.
Proof. In Lemma 3.3 we have proved that (T̂K1 )
Γ = 0. The map λˆ : (Ĝm)Γ×(T̂K1 )Γ → (T̂K,Q)Γ
is just given by Nˆ : (Ĝm)Γ → (T̂K,Q)Γ. Using (T̂K,Q)Γ = 0 again, the map N̂ is an isomorphism
from (3.4). Therefore, q(λˆΓ) = 1.
Lemma 3.9. Let A
α−→ B β−→ C be group homomorphisms of abelian groups with finite kerβα
and cokerβα. Then the cardinality of cokerβ is equal to
[C : imβ] = [C : imβα][im β : imβα]−1
= [C : imβα][B : imα]−1 · [kerβ : kerβα/ kerα].(3.8)
Proof. The first equality is obvious and the second equality follows by applying the snake
lemma to the following diagram
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0 kerβα/ ker α A/ kerα A/ kerβα 0
0 kerβ B B/ kerβ 0.
Lemma 3.10. We have
q(λcp) =
{
eT,p, if p 6= 2;
eT,2 · 2d, if p = 2,
where eT,p = [Z×p : N(T
K,Q(Zp))] and d = [K+ : Q].
Proof. By (3.6), every element x ∈ TK,Q(Zp) is of the form ((xv)v∈Sp , xp) with N(xv) = xp
for all v ∈ Sp. Consider the homomorphisms
(TK1 ×Gm)(Zp) m−→ TK,Q(Zp)
λcp−→ (TK1 ×Gm)(Zp),
where ((yv)v∈Sp , yp)
m7−→ ((yvyp)v∈Sp , y2p). It is easy to see that the composition λcp ◦m is equal
to the squared map Sq : (y, y′) 7→ (y2, (y′)2).
First, | coker Sq| = [TK1 (Zp) : TK1 (Zp)2] · [Z×p : (Z×p )2]. Suppose y = ((yv)v, yp) ∈ ker Sq. Then
yp = ±1, and y2v = 1 ∀v. If v is inert or ramified in K, then yv = ±1. If v splits in K, then
yv = (yw, yw¯), and yw = ±1, yw¯ = ±1. Since N(yv) = 1, yv = (1, 1) or (−1,−1), i.e. yv = ±1.
We conclude that ker Sq = {±1}Sp × {±1}.
By Lemma 3.9, we have
q(λcp) =
| cokerλcp|
| kerλcp|
= | coker Sq| · | cokerm]−1 · [ker Sq : kerm]−1.
Since kerN ⊂ imm, we have cokerm ∼= N(TK,Q(Zp))/N(imm). Since imm = {((xvxp)v∈Sp , x2p)},
one has N(imm) = {x2p | xp ∈ Z×p }. Therefore, | cokerm| = [N(TK,Q(Zp)) : (Z×p )2]. Clearly,
kerm = {±1}. Therefore,
q(λcp) = [T
K
1 (Zp) : T
K
1 (Zp)
2] · [Z×p : (Z×p )2] · [N(TK,Q(Zp))) : (Z×p )2]−1 · 2−|Sp|
= [TK1 (Zp) : T
K
1 (Zp)
2] · [Z×p : N(TK,Q(Zp))] · 2−|Sp|
= [TK1 (Zp) : T
K
1 (Zp)
2] · 2−|Sp| · eT,p.
(3.9)
The lemma then follows from Lemma 3.12.
For proving Lemma 3.12, we recall the structure theorem on p-adic local units.
Proposition 3.11. Let k/Qp be a finite extension of degree d with ring of integers Ok and
residue field Fq. Then
k× ∼= Z⊕ Z/(q − 1)Z⊕ Z/paZ⊕ Zdp
and
O×k
∼= Z/(q − 1)Z⊕ Z/paZ⊕ Zdp,
where pa = |µp∞(OK)|.
Proof. See [16, Proposition 5.7, p. 140].
Lemma 3.12. We have
[TK1 (Zp) : T
K
1 (Zp)
2] =
{
2|Sp|, if p 6= 2;
2|Sp|+d, if p = 2,
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and
q(SqTK1 (Zp))
{
1 if p 6= 2;
2d if p = 2.
Proof. Note that TK1 (Zp) =
∏
v∈Sp
O
(1)
Kv
, where O
(1)
Kv
consists of norm one elements in O×Kv .
We need to calculate [O
(1)
Kv
: (O
(1)
Kv
)2] for v ∈ Sp.
Let dv = [(K
+)v : Qp] and consider the exact sequence
1→ O(1)Kv → O×Kv → N(O×Kv )→ 1.
Note that rankZp O
×
Kv
= 2dv. Since [O
×
K+v
: N(O×Kv )] is finite, we have rankZp N(O
×
Kv
) =
rankZp O
×
K+v
= dv and hence rankZp O
(1)
Kv
= dv.
By Proposition 3.11, we have O
(1)
Kv
∼= A⊕B⊕Zdvp , where A is a finite cyclic group of prime-to-p
order and B is a finite cyclic group of p-power order.
Suppose p is odd. Then O
(1)
Kv
/(O
(1)
Kv
)2 ∼= A/2A. Since O(1)Kv contains−1, we haveA/2A = Z/2Z.
Thus, [O
(1)
Kv
: (O
(1)
Kv
)2] = 2 and [TK1 (Zp) : T
K
1 (Zp)
2] =
∏
v∈Sp
[O
(1)
Kv
: (O
(1)
Kv
)2] = 2|Sp|.
Suppose p is even. The group O
(1)
Kv
contains −1; therefore, B/2B = Z/2Z. We have
O
(1)
Kv
/(O
(1)
Kv
)2 ∼= Z/2Z⊕ (Z/2Z)dv . Therefore, [O(1)Kv : (O
(1)
Kv
)2] = 21+dv and [TK1 (Zp) : T
K
1 (Zp)
2] =∏
v∈Sp
[O
(1)
Kv
: (O
(1)
Kv
)2] = 2|Sp|+d as
∑
v∈Sp
dv = d. This proves the first result.
The second result follows from the first result and | ker SqTK1 (Zp)| = |{±1}Sp| = 2|Sp|.
3.5. Proof of Theorem 1.1. (1) Since τ(Gm) = 1 and τ(T
Ki
1 ) = 2 for each i, we conclude
τ(TK,Q) =
2r
[Gm(A) : N(TK,Q(A)) ·Gm(Q)]
using Theorem 3.2 and Lemma 3.5.
(2) By (3.3) and Lemmas 3.3, 3.5, 3.6, 3.7, 3.8 and 3.10, we obtain
h(TK,Q) = h(TK1 ) ·
1
[Gm(A) : N(TK,Q(A)) ·Gm(Q)] ·
2−d+1
2 · 1 ·
∏
p∈SK/K+
eT,p · 2d.
=
h(TK1 ) ·
∏
p∈SK/K+
eT,p
[Gm(A) : N(TK,Q(A)) ·Gm(Q)] .
It is known (see [20, (16), p. 375]) that
h(TKi1 ) =
hKi
hK+i
1
Qi · 2ti−1 ,
where Qi is the Hasse unit index of Ki/K
+
i , and ti is the number of primes of K
+
i ramified in
Ki. Thus,
h(TK1 ) =
r∏
i=1
h(TKi1 ) =
r∏
i=1
hKi
hK+i
1
Qi · 2ti−1 =
hK
hK+
1
Q · 2t−r .
This completes the proof of the theorem.
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4. Local and global indices
4.1. Local indices. Keep the notation of the previous section. Denote by fv the inertia degree
of a finite place v of K+. Let Nv := N(O
×
Kv
) and Hv := Z×p ∩ Nv, if v|p. We define an integer
e(K/K+,Q, p), where p is a prime, as follows. For p 6= 2, let
(4.1) e(K/K+,Q, p) :=
{
1 if there exists v ∈ Sp ramified in K such that fv is odd;
0 otherwise.
Suppose p = 2. For any place v|2 of K+, let Φv : Z×2 → O×K+v /(O
×
K+v
)2 be the natural map.
Consider the condition
(4.2) Φv(Z
×
2 ) 6⊂ Nv,
where Nv is the image of Nv in O
×
K+v
/(O×
K+v
)2. Note that [Z×p : Hv] = 2 if and only if (4.2) holds.
Define
(4.3)
e(K/K+,Q, 2) :=

0 if Φv(Z
×
2 ) ⊂ Nv for all v|2;
2 if there exist two places v1, v2|2 of K+ satisfying (4.2) and Hv1 6= Hv2 ;
1 otherwise.
Define
(4.4) e(K/K+,Q) :=
∑
p
e(K/K+,Q, p).
Note that e(K/K+,Q, p) = 0 if p 6∈ SK/K+ .
Proposition 4.1.
(1) We have eT,p = [Z×p : ∩v∈SpHv].
(2) We have eT,p|2 if p 6= 2, and eT,2|4.
(3) Suppose p 6= 2. Then eT,p = 2 if and only if there exists a place v ∈ Sp such that v is
ramified in K and fv is odd.
(4) Suppose p = 2. Then 2|eT,p if and only if there exists v ∈ Sp satisfying (4.2). Moreover,
eT,p = 4 if and only if there exist two places v1, v2 ∈ Sp satisfying (4.2) and Hv1 6= Hv2 .
Proof. (1) It follows immediately from the description of TK,Q(Zp) that N(TK,Q(Zp)) =
∩v∈SpHv.
(2) Consider the inclusion Z×p /Hv →֒ O×K+v /N(O
×
Kv
). The latter group has order dividing 2
by the local norm index theorem. Thus, Hv ⊂ Z×p is of index 1 or 2. In particular Hv contains
(Z×p )
2. It follows that the intersection ∩Hv contains (Z×p )2, and that eT,p divides [Z×p : (Z×p )2],
which is 4 or 2 according as p = 2 or not.
(3) As p 6= 2, we have eT,p = 2 if and only if there exists v ∈ Sp such that [Z×p : Hv] = 2. We
must show that [Z×p : Hv] = 2 if and only if v is ramified in K and fv is odd. If v is unramified
in K, then Nv := N(O
×
Kv
) is equal to O×
K+v
and [Z×p : Hv] = 1. Thus, [Z
×
p : Hv] = 2 only when
v is ramified, and we assume this now. Note that Nv ⊂ O×K+v is the unique subgroup of index 2
and it contains the principal unit subgroup 1 + πvOK+v . Therefore, its image Nv in the residue
field κ× = F×qv is equal to (F
×
qv )
2. The inclusion Z×p →֒ O×K+v induces the inclusion F
×
p →֒ F×qv for
which the image Hv of Hv is equal to F×p ∩Nv. Since Nv is the unique subgroup of F×qv of index
2, we have
[Z×p : Hv] = [F
×
p : Hv] = [F
×
p : F
×
p ∩ (F×qv )2].
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Since F×qv is cyclic, F
×
p ⊂ (F×qv )2 if and only if p − 1|(qv − 1)/2. The latter is equivalent to
2|(pfv−1 + · · ·+ 1) or that fv is even. Thus, [Z×p : Hv] = 2 if and only if fv is odd.
(4) Since Nv contains (O
×
K+v
)2, we have [Z×p : Hv] = [Φv(Z
×
p ) : Φv(Z
×
p ) ∩Nv], which is equal
to 2 if and only if Φv(Z×p ) 6⊂ Nv. This proves the first statement. Clearly, eT,p = 4 if and only
if there exist two places v1, v2 ∈ Sp such that [Z×p : Hv1 ] = [Z×p : Hv2 ] = 2 and Hv1 6= Hv2 . Then
the second statement follows from what we have just proved.
Corollary 4.2. We have eT,p = 2
e(K/K+,Q,p) for all primes p.
By Proposition 4.1, one has eT,2|4. We give an example of T = TK,Q such that eT,2 = 4. Let
E and E′ be two imaginary quadratic field such that 2 is ramified in both E and E′. We also
assume that NE2/Q2(O
×
E2
) 6= NE′2/Q2(O×E′2). Put K := E ×E
′, the product of E and E′ (not the
composite), and then K+ = Q × Q. Let v1 and v2 be the two places of K+ over 2. We have
Hv1 = NE2/Q2(O
×
E2
) and Hv2 = NE′2/Q2(O
×
E′2
). Then we see that [Z×2 : Hv1 ] = [Z
×
2 : Hv2 ] = 2,
and that by Proposition 4.1 (1), eT,2 = [Z
×
2 : Hv1 ∩Hv2 ] = 4.
For f ∈ N and q = pf , denote by Qq the unique unramified extension of Qp of degree f and
Zq the ring of integers.
Lemma 4.3. Let f ∈ N and q = 2f .
(1) Z×q /(Z
×
q )
2 ≃ (1 + 2Zq)/(1 + 2Zq)2 ≃ (Z/2Z)f+1.
(2) We have 1+8Zq ⊂ (1+2Zq)2 ⊂ 1+4Zq. Under the isomorphism (1+4Zq)/(1+8Zq) ≃ Fq
( [1 + 4a] 7→ a¯ ), the subgroup (1 + 2Zq)2/(1 + 8Zq) corresponds to the image ϕ(Fq) of the Artin-
Schreier map ϕ(x) = x2 − x : Fq → Fq.
(3) We have
Z×2 ∩ (1 + 2Zq)2 =
{
1 + 4Z2 if f is even;
1 + 8Z2 otherwise.
Proof. (1) The Teichmüller lifting ω gives a splitting of the exact sequence 1 → (1 + 2Zq)→
Z×q → F×q → 1. Thus, Z×q = F×q × (1 + 2Zq) and hence (Z×q )2 = F×q × (1 + 2Zq)2 because q− 1 is
odd. This proves the desired isomorphism.
(2) For a ∈ Zq, we have (1 + 2a)2 = 1 + 4(a2 + a). Therefore, (1 + 2Zq)2 ⊂ 1 + 4Zq. On the
other hand, for any b ∈ Zq, the equation T 2 + T = 2b has a solution in Zq by Hensel’s Lemma.
This proves 1 + 8Zq ⊂ (1 + 2Zq)2. The image of (1 + 2Zq)2/(1 + 8Zq) in Fq consists of elements
a¯2 + a¯ = ϕ(a¯) for all a¯ ∈ Fq.
(3) It is clear that 1+8Z2 ⊂ Z×2 ∩ (1+2Zq)2 ⊂ 1+4Z2. Note that 1+4Z2 ⊂ (1+2Zq)2 if and
only if 5 ∈ (1 + 2Zq)2. The latter is also equivalent to that the equation 1 = t2 − t is solvable in
Fq by (2). Note that F4 = F2[t]/(t2 + t+ 1), so the previous condition is the same as F4 ⊂ Fq,
or equivalently, 2|f .
Lemma 4.4. Let the notation be as in Lemma 4.3.
(1) If f is even, then there are 2(2f −1) (resp. 2f+1) ramified quadratic field extensions K/Qq
such that Z×2 ⊂ N(O×K) (resp. Z×2 6⊂ N(O×K)).
(2) If f is odd, then there are 2f − 2 (resp. 2f+2 − 2f ) ramified quadratic field extensions
K/Qq such that Z
×
2 ⊂ N(O×K) (resp. Z×2 6⊂ N(O×K)).
Proof. (1) Since Q×q /(Q
×
q )
2 ≃ (Z/2Z)f+2, there are 2f+2 − 1 subgroups N˜ ⊂ Q×q of index
2. By the local class field theory, there are 2f+2 − 1 quadratic extensions K/Qq, and 2f+2 − 2
of them are ramified. On the other hand, since Z×q /(Z
×
q )
2 ≃ (Z/2Z)f+1, there are 2f+1 − 1
subgroups N ⊂ Z×q of index 2. It is not hard to see that for each N there are exactly two
CM ALGEBRAIC TORI 13
ramified extensions K/Qq such that N = N(O
×
K). Suppose 2|f , then Φ(Z×2 ) is a one-dimensional
subspace in Z×q /(Z
×
q )
2 = (Z/2Z)f+1 by Lemma 4.3 (3). Therefore, there are 2f − 1 subspaces N
of co-dimension one containing Φ(Z×2 ), and 2
f subspaces N of co-dimension one not containing
Φ(Z×2 ).
(2) Suppose that f is odd. By Lemma 4.3 (3) Φ(Z×2 ) is a two-dimensional subspace in
Z×q /(Z
×
q )
2 = (Z/2Z)f+1. There are 2f−1−1 subspaces N of co-dimension one containing Φ(Z×2 ),
and the other 2f+1 − 2f−1 subspaces N not containing Φ(Z×2 ). This proves the lemma.
Lemma 4.5. Let F/Q2 be a finite extension of Q2, and let L/F be a quadratic extension of F .
Then Z×2 ⊂ NL/F (O×L ) if and only if the norm residue symbols (−1, L/F ) = 1 and (5, L/F ) = 1.
Proof. This follows directly from the basic fact that Z×2 = {±1}×〈5〉, where 〈5〉 is the closure
of the cyclic subgroup 〈5〉 in Z×2 .
4.2. Global indices. We obtain the following partial results for the global index [A× : N(TK,Q(A))·
Q×].
Lemma 4.6. (1) We have
[A× : N(TK,Q(A)) ·Q×] = [Ẑ× : Ẑ× ∩N(TK,Q(Af )) ·Q+],
where Q+ := Q× ∩ R+.
(2) The index [A× : N(TK,Q(A)) ·Q×] divides ∏p∈SK/K+ eT,p.
Proof. (1) We have A× = R× × A×f and N(TK,Q(A)) = R+ × N(TK,Q(Af )). We use Q× to
reduce R× to R+. Thus,
A×
[N(TK,Q(A))] ·Q× ≃
R× × A×f
[R+ ×N(TK,Q(Af ))] ·Q×
≃ R+ × A
×
f
[R+ ×N(TK,Q(Af ))] ·Q+
≃ Q+ · Ẑ
×
N(TK,Q(Af )) ·Q+
≃ Ẑ
×
Ẑ× ∩N(TK,Q(Af )) ·Q+
.
(4.5)
(2) Since
Ẑ× ∩N(TK,Q(Af )) ·Q+ ⊃ Ẑ× ∩N(TK,Q(Af )),
the groupA×/
(
N(TK,Q(A)) ·Q×) ≃ Ẑ×/(Ẑ× ∩N(TK,Q(Af )) ·Q+) is a quotient of Ẑ×/(Ẑ× ∩N(TK,Q(Af ))).
On the other hand, we have
Ẑ× ∩N(TK,Q(Af )) =
∏
p
[
Z×p ∩N(TK,Q(Qp))
]
=
∏
p
N(TK,Q(Zp))
by Lemma 3.4. Therefore, [A× : N(TK,Q(A)) ·Q×] divides∏
p
[Z×p : N(T
K,Q(Zp))] =
∏
p
eT,p =
∏
p∈SK/K+
eT,p.
This proves the lemma.
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Lemma 4.7. Suppose K is a CM field which contains two distinct imaginary quadratic fields
E1 and E2. Then [A× : N(TK,Q(A)) ·Q×] = 1.
Proof. By the global norm index theorem, [A× : N(A×Ei) ·Q×] = 2 for i = 1, 2. Since E1 6= E2,
the subgroup N(A×E1) ·N(A×E2) ·Q× of A× generated by N(A×Ei) ·Q× (i = 1, 2) strictly contains
N(A×E1) · Q×. Thus, [A× : N(A×E1) · N(A×E2) · Q×] = 1. On the other hand, the subgroup
N(TK,Q(A)) contains N(A×Ei) for i = 1, 2. Therefore, [A
× : N(TK,Q(A)) ·Q×] = 1.
4.3. Consequences and a second proof. Using our computation of the local index eT,p and
[A× : N(TK,Q(A)) ·Q×], we obtain the following improvement of Theorem 1.1.
Theorem 4.8. Let the notation be as in Theorem 1.1. We have
h(TK,Q) =
hK
hK+
2e
2t−r ·QK ,
where e is an integer with 0 ≤ e ≤ e(K/K+,Q), where e(K/K+,Q) is the invariant defined in
(4.4).
Proof. This follows from Theorem 1.1, Corollary 4.2 and Lemma 4.6 (2).
Since the Hasse unit index QK is a power of 2, we obtain the following result from Theorem 4.8.
Proposition 4.9. The class number h(TK,Q) is equal to hK/hK+ up to a power of 2.
A second proof of Theorem 1.1. Put T := TK,Q and T ′ := TK1 . We first show that the
sequence
(4.6) 1→ T ′(Af )/[T ′(Q)T ′(Ẑ)]→ T (Af )/[T (Q)T (Ẑ)] N−−−−→ N(T (Af))/N [T (Q)T (Ẑ)]→ 1.
is exact. The kernel of N is
T ′(Af )T (Q)T (Ẑ)/[T (Q) · T (Ẑ)] ≃ T ′(Af )/[T ′(Af ) ∩ T (Q) · T (Ẑ)].
If t = qu ∈ T ′(Af ) ∩ T (Q) · T (Ẑ) with q ∈ T (Q) and u ∈ T (Ẑ), Then
N(q) = N(u)−1 ∈ T (Q) ∩ T (Ẑ) = T (Z) = T ′(Z).
So q ∈ T ′(Q) and u ∈ T ′(Ẑ) and T ′(Af )∩T (Q) ·T (Ẑ) = T ′(Q) ·T ′(Ẑ). This proves the exactness
of (4.6).
We now prove that
(4.7) N(T (Af))/N [T (Q) · T (Ẑ)] ≃ N(T (Af )) ·Q+/[N(T (Ẑ)) ·Q+].
Suppose t = qu ∈ N(T (Af)) ∩N(T (Ẑ)) · Q+ with q ∈ Q×+ and u ∈ N(T (Ẑ)). Then q is a local
norm everywhere. Thus, there is an element x ∈ K× such that N(x) = q by the Hasse principle.
By the definition the element x lies in T (Q) and hence q ∈ N(T (Q)). This verifies (4.7).
Note that
[N(T (Af )) ·Q+ : N(T (Ẑ)) ·Q+] = [A×f : N(T (Ẑ)) ·Q+] · [A×f : N(T (Af )) ·Q+]−1,
By (4.5), [A×f : N(T (Af))·Q+] = [A× : N(T (A))·Q×]. It is also easy to see [A×f : N(T (Ẑ))·Q+] =∏
p[Z
×
p : N(T (Zp))[A
×
f : N(T (Ẑ)) ·Q×+]]. Then Theorem 1.1 follows from (4.6) and (4.7).
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Question 4.10. (1) Let N : T˜ → T be a homomorphism of algebraic tori over Q such that
T ′ := kerN is again an algebraic torus. Then by Lang’s Theorem, the map N : T˜ (A) → T (A)
is open and then [T (A) : N(T˜ (A)) · T (Q)] is finite. What is the index [T (A) : N(T˜ (A)) · T (Q)]?
When T˜ = TK , T = T k and N is the norm map, where K/k is a finite extension of number fields,
then [T (A) : N(T˜ (A)) · T (Q)] = [A×k : k×N(A×K)] is nothing but the global norm index and it is
equal to the degree [K0 : k] of the maximal abelian subextension K0 of k in K [13, IX, §5, p. 193].
The global norm index theorem requires deep analytic results. It is also expected that one may
equally need deep analytic and arithmetic results for computing [T (A) : N(T˜ (A)) · T (Q)].
(2) Suppose λ : T → T ′ is an isogeny of tori over Q of degree d. Is it true that for any prime
ℓ ∤ d, the ℓ-primary parts of h(T ) and h(T ′) are the same? This is inspired by Proposition 4.9.
5. Examples
5.1. Imaginary quadratic fields. Suppose K is an imaginary quadratic field. Then K+ = Q
and TK,Q = TK . Thus, we have h(TK,Q) = h(TK) = hK without any computation. On the
other hand, we use Theorem 1.1 to compute h(TK,Q). It is easy to compute that Q = 1, eT,p = 2
for each p ∈ SK/K+ and we have
[Gm(A) : N(T
K,Q(A)) ·Gm(Q)] = [A× : NK/Q(A×K) ·Q×] = 2
by the global norm index theorem. Thus, we have
τ(TK,Q) = 1 and h(TK,Q)/h(TK1 ) = 2
t−1,
where t is the number of rational primes ramified in K. This also gives the result h(TK,Q) = hK .
5.2. Biquadratic CM fields. Let K be a biquadratic CM field and F the unique real quadratic
subfield. Write F = Q(
√
d), where d > 0 is the unique square-free positive integer determined
by F , and K = EF , where E = Q(
√−j) for a square-free positive integer j. Finite places of
F , E and K will be denoted by v, u and w, respectively. Recall that SK/F denotes the set of
primes p such that there exists a place v|p of F which is ramified in K.
Lemma 5.1. Notations as above.
(1) A prime p lies in SK/F if and only if p is ramified in E and is unramified in F .
(2) If p is ramified in E and splits in F , then eT,p = 2.
(3) If p is ramified in E and is inert in F , then eT,p = 1.
Proof. (1) Suppose a prime p is unramified in E. Then every place v|p of F remains unramified
in K (see Lang [13, Chap. II, Sec. 4, Prop. 8 (ii)]) and hence p 6∈ SK/F .
Suppose a prime p is both ramified in E and in F . Then the unique place v|p must be
unramified in K, because if v is ramified in K then p is totally ramified in K which contradicts
to our assumption that K is biquadratic. Thus, p lies in SK/F if and only if it is ramified in E
and is unramified in F .
(2) Let v1, v2 be the places of F over p. One has Fvi = Qp, Kp = Eu×Eu and Hvi = N(O×Eu)
for i = 1, 2. Thus, eT,p = 2.
(3) Suppose first that p 6= 2. We have Fv = Qp2 with inertia degree f = 2. Then eT,p = 1
follows from Proposition 4.1 (3). Now assume p = 2. By Lemma 4.3 (3), one has 5 ∈ N(O×Kw)
because 5 ∈ 1 + 4Z2 ⊂ (1 + 2Z4)2 ⊂ N(O×Kw). By Lemma 5.2, we also have −1 ∈ N(O×Kw).
Thus, by Lemma 4.5, Z×2 ⊂ N(O×Kw) and we obtain eT,2 = 1. This proves the lemma.
Lemma 5.2. Let E/Q2 be a ramified quadratic extension of Q2, and let L = E · Q4 be the
composite of E and Q4. Then −1 ∈ NL/Q4(O×L ).
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Proof. Since E/Q2 is ramified, we can write E = Q2(
√
dE) and OE = Z2[
√
dE] for some
dE ∈ {3, 7, 2, 6, 10, 14}. Put j := −dE and then j mod 8 ∈ {1, 5, 2, 6}.
Note that Q4 = Q2[t] with t2 + t+ 1 = 0. For a ∈ Q4, write a = a0 + a1t where a0, a1 ∈ Z2.
For x ∈ OL, we write x = a+ b
√−j where a, b ∈ Z4 and a = a0 + a1t, b = b0 + b1t. Then
N(x) =a2 + jb2 = (a20 + 2a1a0t+ a
2
1t
2) + j(b20 + 2b0b1t+ b
2
1t
2)
=[a20 + jb
2
0 − (a21 + jb21)] + [2a0a1 + 2jb0b1 − (a21 + jb21)]t.
Hence for x = a+ b
√−j satisfying N(x) ∈ Z2, the element x must satisfy the condition
(5.1) 2a0a1 + 2jb0b1 − (a21 + jb21) = 0.
Observe 1 + 8Z4 ⊂ (1 + 2Z2)2 ⊂ N(O×L ). If −1 ∈ N(O×L )/(1 + 8Z4) ⊂ (Z4/8Z4)×, then
−1 ∈ N(O×
L
). We may solve the equation N(x) ≡ −1 (mod 8), and regard a, b ∈ Z4/8Z4. For
simplicity, let j ∈ {1, 5, 2, 6}.
Case j is even: Since j is even, by (5.1), we have 2|a1 and write a1 = 2c1. Consider the case
2|b1. Then we have 2a0a1 − a21 = 4a0c1 − 4c21 = 0 (mod 8). Hence (a0, c1) ≡ (1, 1), (0, 0) or
(1, 0) (mod 2).
We have N(x) = [a20+jb
2
0−(a21+jb21)] = a20+jb20−4c21. For j = 2, take (a0, b0, c1) ≡ (1, 1, 1)
(mod 2); for j = 6, take (a0, b0, c1) ≡ (1, 1, 0) (mod 2). Then N(x) = −1.
Case j is odd: Consider the case 2 ∤ a1 and 2 ∤ b1. Since j is odd, the condition (5.1) is
equivalent to
(5.2) a0a1 + b0b1 − (1 + j)/2 ≡ 0 (mod 4).
By (5.2), we require a0 − b0 ≡ 1 (mod 2). Suppose 2|a0 and 2 ∤ b0, and write a0 = 2c0. Then
N(x) = −1 gives the equation a20 + jb20 − (a1 + jb21) = 4c20 + j − 1 − j = −1 (mod 8). Thus,
c0 = 2d0 for some d0 ∈ Z4/8Z4. Moreover, substituting a0 = 4d0 into (5.2), we have the
condition b0b1− (1+ j)/2 ≡ 0 (mod 4). Since j ∈ {1, 5}, there exists b1 satisfying this condition.
Conclusively, if we take (c0, b0, a1, b1) ≡ (0, 1, 1, 1) (mod 2) and b0b1 = (1 + j)/2, then
N(x) = −1.
Proposition 5.3. Let F be a real quadratic field and E an imaginary quadratic field, and let
K = EF . Then
(5.3) h(TK,Q) =
hK
hF
· 2
s
2t−1 ·Q,
where t is the number of places of F ramified in K, s is the number of primes p that are ramified
in E and split in F , and Q = QK .
Proof. By Lemma 5.1,
∏
p∈SK/F
eT,p = 2
s. Since K contains two distinct imaginary quadratic
fields, by Lemma 4.7, we have [A× : N(TK,Q(A)) ·Q×] = 1. Thus, the formula (5.3) follows from
Theorem 1.1.
Note that we may rewrite (5.3) as
(5.4) h(TK,Q) =
hK
hF
· 1
2|SK/F |−1 ·QK
.
Indeed, suppose we let m be the number of primes p that are ramified in E and inert in F . Then
t = m+ 2s and |SK/F | = m+ s. So t− s = |SK/F |.
If K 6= Q(√2,√−1), then by Herglotz [8] (cf. [25, Section 2.10])
(5.5) hK = QK · hF · hE · hE′/2,
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where E′ ⊂ K is the other imaginary quadratic field. By (5.4) and (5.5), we have
h(TK,Q) =
hE · hE′ ·QK
2
1
2|SK/F |−1QK
=
hE · hE′
2|SK/F |
, if K 6= Q(
√
2,
√−1).
(5.6)
For K = Q(
√
2,
√−1) = Q(ζ8), it is known that h(Q(ζ8)) = 1, and QQ(ζ8) = 1 as 8 is a prime
power [23, Corollary 4.13, p. 39]. Moreover SK/F = ∅. Thus,
(5.7) h(TK,Q) = 2, for K = Q(
√
2,
√−1).
We specialize to the case where K = Kj = FE = Q(
√
p,
√−j), where F = Q(√p), E =
Q(
√−j), p is a prime and j ∈ {1, 2, 3}. Note that we have Q(√2,√−2) = Q(√2,√−1) = Q(ζ8)
and Q(
√
3,
√−3) = Q(√3,√−1) = Q(ζ12), where ζn = e2πi/n. We may assume that p 6= 2 if
j = 2 and p 6= 3 if j = 3.
The set SK/F is given as follows:
(i) SK1/F = {2} if p ≡ 1 (mod 4), and SK1/F = ∅ otherwise;
(ii) SK2/F = {2} if p ≡ 1 (mod 4), and SK2/F = ∅ otherwise;
(iii) SK3/F = {3} always (recall p 6= 3).
Thus,
(5.8) |SK/F | =
{
0 if j ∈ {1, 2} and p 6≡ 1 (mod 4);
1 otherwise.
By (5.6) and (5.8), if K 6= Q(√2,√−1), we have
(5.9) h(TK,Q) =
{
h(Q(
√−jp)) if j ∈ {1, 2} and p 6≡ 1 (mod 4);
h(Q(
√−jp))/2 otherwise.
Remark 5.4. Observe from formula (5.6) that for computing the class number h(TK,Q) or h(TK1 ),
one does not need to calculate the Hasse unit index QK . Nevertheless, for the case F = Q(
√
p)
with prime p the index QK is calculated in [25, Prop. 2.7].
6. Polarized CM abelian varieties and unitary Shimura varieties
6.1. CM points. Let (K,OK , V, ψ,Λ, h) be a PEL-datum, where
• K =∏ri=1 be a product of CM fields Ki with canonical involution¯;
• OK the maximal order of K;
• V is a free K-module of rank one;
• ψ : V × V → Q be a non-degenerate alternating such that
ψ(ax, y) = ψ(x, a¯y), ∀a ∈ K, x, y ∈ V ;
• Λ be an OK-lattice with ψ(Λ,Λ) ⊂ Z;
• h : C→ EndKR(VR) be an R-algebra homomorphism such that
ψ(h(z)x, y) = ψ(x, h(z¯)y), for z ∈ C, x, y ∈ VR := V ⊗Q R
and that the pairing (x, y) := ψ(h(i)x, y) is symmetric and positive definite.
Let VC = V
−1,0⊕V 0,−1 be the decomposition into C-subspaces such that h(z) acts by z (resp.
z¯) on V −1,0 (resp. V 0,−1). Let T = TK,Q and U ⊂ T (Af ) be an open compact subgroup. Put
g = 12 dimQ V . Let M(Λ,ψ),U be the set of isomorphism classes of tuples (A, λ, ι, η¯)C, where
• A is a complex abelian variety of dimension g;
• ι : OK → End(A) is a ring monomorphism;
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• λ : A→ At is an OK-linear poloarization, i.e. it satisfies λι(b¯) = ι(b)λ for all b ∈ OK ;
• η¯ is an U -orbit of OK ⊗ Ẑ-linear isomorphisms
η : V ⊗ Ẑ→ T (A) :=
∏
ℓ
Tℓ(A)
preserving the pairing up to a scalar in Ẑ×, where Tℓ(A) is the ℓ-adic Tate module of A
such that
(a) det(b;V −1,0) = det(b; Lie(A)) for all b ∈ OK ;
(b) there exists a K-linear isomorphism
(6.1) (V, ψ) ≃ (H1(A,Q), 〈 , 〉λ)
that preserves the pairings up to a scalar in Q×, where 〈 , 〉λ is the pairing induced by
the polarization λ.
Two members (A1, λ1, ι1, η¯1) and (A2, λ2, ι2, η¯2) are said to be isomorphic if there exists an
OK-linear isomorphism ϕ : A1 → A2 such that ϕ∗λ2 = λ1 and ϕ∗η¯1 = η¯2.
Lemma 6.1. Let T be an algebraic torus over Q, U ⊂ T (Af) an open compact subgroup, and
U∞ ⊂ T (R) an open subgroup. Then
[T (A) : T (Q)U∞U ] =
[UT : U ]
[T (Z)∞ : T (Z)∞ ∩ U ] · [T (A) : T (Q)U∞UT ],
=
[UT : U ]
[T (Z)∞ : T (Z)∞ ∩ U ] · [T (R) : T (Z)U∞] · h(T ),
(6.2)
where UT := T (Ẑ) is the maximal open compact subgroup of T (Af) and T (Z)∞ = T (Z) ∩ U∞.
Proof. Let T (Q)∞ = T (Q) ∩ U∞. One has [T (A) : T (Q)U∞U ] = [T (Af ) : T (Q)∞U ]. Now
consider the exact sequence
(6.3) 0 UTU·T (Q)∞∩UT ≃
UT ·G(Q)∞
U·T (Q)∞
T (Af )
U·T (Q)∞
T (Af )
UT ·T (Q)∞
1.
It is easy to verify U ·T (Q)∞∩UT = U ·T (Z)∞. Using the exact sequence (6.3) and the following
one
(6.4) 0 T (Z)∞T (Z)∞∩U
UT
U
UT
U·T (Z)∞
1,
we obtain the first equation of (6.2).
Now we prove the second equality. Consider the exact sequence
(6.5) 0 T (R)UT ·T (Q)·U∞∩T (R)
T (A)
UT ·T (Q)·U∞
T (A)
UT ·T (Q)·T (R)
1,
where the inclusion T (Q) →֒ T (A) is given by the diagonal map, the map T (R) →֒ T (A) =
T (R) × T (Af ) sends t∞ 7→ (t∞, 1) and the intersection UT · T (Q) · U∞ ∩ T (R) is taken in
T (A). Suppose utu∞ = (tu∞, tu) is an element in UT · T (Q) · U∞ ∩ T (R). Then tu = 1 and
t = u−1 ∈ T (Q) ∩ UT = T (Z). Thus, UT · T (Q) · U∞ ∩ T (R) = T (Z) · U∞ ⊂ T (R) and we have
[T (A) : T (Q)U∞UT ] = [T (R) : T (Z)U∞] · h(T ).
By [4, 4.11], the set M(Λ,ψ),U is isomorphic to the Shimura set ShU (T, h) ≃ T (Q)\T (Af)/U .
By Lemma 6.1, we have
(6.6) |M(Λ,ψ),U | = [T (Ẑ) : U ]
[T (Z) : T (Z) ∩ U ] · h(T ) =
[T (Ẑ) : U ]
[µK : µK ∩ U ] · h(T ),
where µK =
∏r
i=1 µKi and T = T
K,Q. Using Theorem 1.1, we obtain the following result.
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Proposition 6.2. We have
(6.7) |M(Λ,ψ),U | = [T (Ẑ) : U ]
[µK : µK ∩ U ] ·
hK
hK+
· 1
Q · 2t−r ·
∏
p∈SK/K+
eT,p
[A× : N(T (A)) ·Q×] ,
where r, t, Q, SK/K+ and eT,p are as in Theorem 1.1.
6.2. Connected components of unitary Shimura varieties. In this subsection we consider
a PEL-datum (K,OK , V, ψ,Λ, h), where
• K is a CM field with canonical involution¯;
• V is a free K-module of rank n > 1;
• OK , ψ, h are as in Section 6.1.
Let G = GUK(V, ψ) be the group of unitary simititudes of (V, ψ). The kernel of the multiplier
homomorphism c : G → Gm is the unitary UK(V, ψ) associated to (V, ψ). Let X be the G(R)-
conjugacy class of h, and U ⊂ G(Af ) an open compact subgroup. The complex Shimura variety
associated to the PEL datum is defined by
(6.8) ShU (G,X)C := G(Q)\X ×G(Af )/U.
As in Section 6.1, we define M(Λ,ψ),U as the moduli space of complex abelian varieties (A, λ, ι, η¯)
with additional structures satisfying the conditions (a) and (b). By [4, 4.11], one has ShU (G,X)C ≃
M(Λ,ψ),U ; this provides the modular interpretation of the Shimura variety ShU (G,X)C. We are
interested in the number of the connected components of the moduli space M(Λ,ψ),U , or equiva-
lently, those of the Shimura variety ShU (G,X)C.
Let X+ be the connected component of X that contains the base point h, and let G(R)+ :=
StabG(R)X
+ be the stabilizer of X+ in G(R). We have
(6.9) π0(ShU (G,X)C) ≃ G(Q)+\G(Af )/U ≃ G(Q)\G(A)/G(R)+U,
where G(Q)+ := G(Q) ∩ G(R)+. Let Gder be the derived group of G, and let D := G/Gder be
the quotient torus. Denote by ν : G → D the natural homomorphism. Note that the derived
group Gder = SUK(V, ψ) is semi-simple and simply connected.
Theorem 6.3. Assume that Gder(R) is not compact. Then the complex Shimura variety ShU (G,X)C
has
(6.10)
[D(Ẑ) : ν(U)]
[µK : µK ∩ ν(U)] ·
hK
hK+
· 1
2t−1QK
·
1 if n is even;∏p∈SK/K+ eT,p
[A×:N(TK,Q(A)·Q×]
if n is odd
connected components, where t, QK and eT,p are as in Theorem 1.1.
Proof. Using the strong approximation agrument and Kneser’s theorem (namely,H1(Qp, Gder) =
1 for all primes p), the morphism ν induces a bijection
(6.11) ν : G(Q)+\G(Af )/U ∼→ ν(G(Q)+)\D(Af )/ν(U);
(see [27, Lemma 2.2]). By [11, Section 7, p. 393–394], one has
(6.12) D ≃
{
TK,1 ×Gm if n is even;
TK,Q if n is odd.
Using the Hasse principle, one shows that ν(G(Q)+) = D(Q) ∩ ν(G(R)+). One directly checks
(6.13) ν(G(R)+) ≃
{
TK,1(R)× R+ if n is even;
TK,Q(R) if n is odd.
As a result, the intersection D(Z)∞ := D(Z) ∩ ν(G(R)+) is equal to µK for all n. Applying
Lemma 6.1, (6.9), (6.11) and the formula for h(D) using Theorem 1.1 we obtain the result.
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6.3. Polarized abelian varieties over finite fields. In this subsection we formulate two
counting porblems for polarized abelian varieties over finite fields in an isogeny class and compute
their cardinality using the class number formula of CM tori. Let k be a finite field.
Definition 6.4. Let A1 = (A1, λ1) and A2 = (A2, λ2) be two polarized abelian varieties over k.
(1) They (A1 and A2) are isomoprhic, denoted A1 ≃ A2, if there exists an isomoprhism
α : A1
∼→ A2 such that α∗λ2 = λ1.
(2) They are said to be in the same isogeny class if there exists a quasi-isogeny α : A1 → A2
(i.e. a multiple by an integer of α is an isogeny) such that α∗λ2 = λ1. Denote by Isog(A1, λ1)
the set of isomoprhism classes of (A2, λ2) lying in the same isogeny class of (A1, λ1).
(3) They are said to be similar, denoted A1 ∼ A2, if there exists an isomorphism α : A1 → A2
such that α∗λ2 = qλ1 for some q ∈ Q>0.
(4) They are said to be isomoprhic locally everywhere, if
A1[ℓ
∞] ≃ A2[ℓ∞] over k
for all primes ℓ including the prime char k.
(5) They are said to be similar locally everywhere, if
A1[ℓ
∞] ∼ A2[ℓ∞] over k
for all primes ℓ (also including the prime char k).
Now we start with a polarized abelian variety (A0, λ0) over k. Assume that the endomorphism
algebra End0(A0) is commutative. So End
0(A0) = K for some CM algebra K, and R :=
End(A0) ⊂ K is a CM order. Let T := TK,Q and T 1 := TK1 . On the other hand, consider
(6.14) Λ(A0, λ0) :=
{
(A, λ) ∈ Isog(A0, λ0)
∣∣∣∣ (A, λ) is locally isomorphicto (A0, λ0) everywhere
}
and
(6.15) I(A0, λ0) :=
{
similitude classes of
(A, λ) ∈ Isog(A0, λ0)
∣∣∣∣ (A, λ) is locally similarto (A0, λ0) everywhere
}
.
Proposition 6.5. Let U := T (Af) ∩ R̂× and U1 := T 1(Af ) ∩ R̂×. We have
(6.16) |Λ(A0, λ0)| = [T
1(Ẑ) : U1]
[µK : µK ∩ U1] ·
hK
hK+
· 1
2t−rQK
,
and
(6.17) |I(A0, λ0)| = [T (Ẑ) : U ]
[µK : µK ∩ U ] ·
hK
hK+
· 1
2t−rQK
·
∏
p∈SK/K+
eT,p
[A× : N(T (A) ·Q×] .
Proof. The main point is the following natural bijections
(6.18) Λ(A0, λ0) ≃ T 1(Q)\T 1(Af )/U1, and I(A0, λ0) ≃ T (Q)\T (Af)/U.
See [26, Theorem 5.8 and Section 5.4]; also see [28, Theorem 2.2]. Then formulas (6.16) and
(6.17) follow from (6.18), Theorem 1.1 and Lemma 6.1.
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